Abstract. We study the degree growth of iterates of meromorphic selfmaps of compact Kähler surfaces. Using cohomology classes on the Riemann-Zariski space we show that the degrees grow similarly to those of mappings that are algebraically stable on some birational model.
Introduction
Let X be a compact Kähler surface and F : X X a dominant meromorphic mapping. Fix a Kähler class ø on X, normalized by (ø · ø) = 1, and define the degree of F with respect to ø to be the positive real number deg ø (F ) := (F * ø · ø) = (F * ø · ø).
When X = P 2 and ø is the class of a line, this coincides with the usual algebraic degree of F . (In fact, not much is lost by restricting to this case.) One can show that deg ø (F n+m ) ≤ 2 deg ø (F n ) deg ø (F m ) for all m, n. Hence the limit l 1 := lim
exists. We refer to it as the asymptotic degree of F . It follows from standard arguments (see Proposition 3.1) that l 1 does not depend on the choice of ø, that l 1 is invariant under bimeromorphic conjugacy, and that l 2 1 ≥ l 2 , where l 2 is the topological degree of F .
Main Theorem. Assume that l 2 1 > l 2 . Then there exists a constant b = b(ω) > 0 such that
2 ) as n → ∞. The dependence of b on ω can be made explicit: see Remark 3.8. As the example F (x, y) = (x d , x d y d ) on C 2 shows, the assertion in the Main Theorem is false if l 2 1 = l 2 . Mappings with l 2 1 = l 2 have quite different degree growths than those with l 2 1 > l 2 and will not be specifically studied here. Degree growth is an important component in the understanding of the complexity and dynamical behavior of a selfmap and has been studied in a large number of papers in both the mathematics and physics literature. It is connected to topological entropy (see e.g. [Fr, Gu1, Gu2, DS] ) and controlling it is necessary in order to construct interesting invariant measures and currents (see e.g. [BF, FS, RS] ). Even in simple families of mappings, degree growth exhibit a rich behavior: see e.g. the papers by Bedford and Kim [BK1, BK2] , which also contain references to the physics literature.
In [FS] , Fornaess and Sibony connected the degree growth of rational selfmaps to the interplay between contracted hypersurfaces and indeterminacy points. In particular they proved that deg(F n ) is multiplicative iff F is what is now often called (algebraically) stable: see also [N] . Fornaess and Bonifant showed that only countably many sequences (deg(F n )) ∞ 1 can occur, but in general the precise picture is unclear.
For bimeromorphic maps of surfaces, the situation is quite well understood since the work of Diller and the second author [DF] . Using the factorization into blowups and blowdowns, they proved that any such map can be made stable by a birational change of coordinates. This reduces the study of degree growth to the spectral properties of the induced map on the Dolbeault cohomology H 1,1 and in particular implies that that l 1 is an algebraic integer, that deg(F n ) satisfies an integral recursion formula and gives a stronger version of our Main Theorem when l 2 1 > 1(= l 2 ). In the case we consider, namely (noninvertible) meromorphic surface maps, there are counterexamples to stability in the case l 2 1 = l 2 > 1 [Fa] . It is an interesting (and probably difficult) question whether counterexamples also exist with l 2 1 > l 2 > 1. Instead of looking for a particular birational model in which the action of F n on H 1,1 can be controlled, we take a different tack and study the action on F on cohomology classes on all modifications π : X π → X at the same time. More precisely, we show that F acts (functorially) on the vector space W := lim ← − H 1,1 R (X π ) by pullback F * and pushforward F * . Compactness properties of W implies the existence of eigenvectors, having eigenvalue l 1 and certain positivity properties. Following [DF] we then study the spectral properties of F * and F * under the assumption l 2 1 > l 2 . The space W is too big for this purpose, so we introduce a subspace L 2 which is losely speaking the completion of the union of H 1,1 R (X π ) over all π, with respect to the (indefinite) inner product induced by the cup product. The Main Theorem follows from the spectral properties, the key ingredient here being the Hodge Index Theorem.
Using a different method, polynomial mappings of C 2 were studied in detail by the last two authors in [FJ4] : in that case l 1 is a quadratic integer. However, our Main Theorem for polynomial maps does not immediately follow from the analysis in [FJ4] .
The space W above can be viewed as the Dolbeault cohomology H 1,1 of the Riemann-Zariski space of X. While we do not need the structure of the latter space in this paper, the general philosophy of considering all birational models at the same time is very useful for handling asymptotic problems in geometry, analysis and dynamics: see [BFJ, FJ1, FJ2, FJ3] .
In the present setting, it allows us to bypass the intricacies of indeterminacy points: heuristically, a meromorphic map becomes holomorphic on the Riemann-Zariski space, thus providing us with standard tools for controlling the degrees. Similar ideas has been used for slightly different purposes by Hubbard, Papadopol and Veselov [HPV, HP] .
The paper is organized in three sections. In the first we recall some definitions and introduce cohomology classes on the Riemann-Zariski space. In the second, we study the actions of meromorphic mappings on these classes. Finally, Section 3 deals with the spectral properties of these actions under iteration, concluding with the proof of the Main Theorem.
Classes on the Riemann-Zariski space
Let X be a complex Kähler surface (for background see [BHPV] ), write H 1,1 R (X) := H 1,1 (X) ∩ H 2 (X, R), and fix once and for all a Kähler class ø ∈ H 1,1 R (X), normalized by (ø · ø) = 1. 1.1. The Riemann-Zariski space. By a blowup of X, we mean a bimeromorphic morphism π : X π → X where X π is a smooth surface. Up to isomorphism, π is then a finite composition of point blowups. If π and π ′ are two blowups of X, we say that π ′ dominates π if there exists a bimeromorphic morphism µ :
While suggestive, the space X is strictly speaking not needed for our analysis and we refer to [ZS, Ch.VI, §17] , [V, §7] for details on its structure.
Weil and Cartier classes. When one blowup
is a surjective linear map of finite-dimensional vector spaces. This allows us to define the space of Weil classes on X as
Concretely, a Weil class α ∈ W (X) is given by its incarnations α π ∈ H 1,1 R (X π ), compatible by push-forward. We endow W (X) with the projective limit topology: a sequence (or net)
is a class in some blowup X π of X, then α defines a unique Weil class, also denoted α, whose incarnation α π ′ in any blowup π ′ = π • µ dominating π is given by α π ′ = µ * α. The class α ∈ W (X) is well defined by the projection formula. We call α a Cartier class and say that it is determined in X π . (It is then determined in X π ′ for any blowup dominating π.) We thus obtain a continuous embedding of H 1,1 R (X π ) into W (X). The set of Cartier classes (over all models) is dense in W (X). Indeed, for any Weil class α ∈ W (X), the incarnations α π , viewed as Cartier classes in W (X), form a net converging to α.
1.3. Positivity. Recall that a class in H 1,1 R (X) is psef (pseudoeffective) if it is the class of a positive closed current on X. It is nef (numerically effective) if it is the limit of Kähler classes. Any nef class is psef.
If
(For the nef part of the last assertion it is important that we work in dimension two.)
We say that a Weil class α ∈ W (X) is psef (nef) if its incarnation α π ∈ H 1,1 R (X π ) is psef (nef) for any blowup π : X π → X. The remarks above imply that a class α ∈ H 1,1 R (X π ) in some blowup X π is psef (nef) iff the induced Cartier class α ∈ W (X) is psef (nef). We write α ≥ 0 as a shorthand for α ∈ W (X) being psef.
Proof. By induction it suffices to prove this when µ is a blowup of a point in X π . But then µ * µ * α = α + c{E}, where E is the exceptional divisor and c = α · {E} ≥ 0. Corollary 1.2. For any nef Weil class α ∈ W (X), the assignment π → α π is decreasing and α is the largest Weil class dominated by all the Cartier classes α π .
1.4.
Intersections and L 2 -classes. There is a natural intersection form on H 1,1 R (X) induced by the cup product: the intersection of α and β is denoted by (α · β) or simply α · β. We wish to extend this to W (X). Integrability problems prevent us from intersecting arbitrary Weil classes, but as we shall see, we may still develop a useful theory.
First take α Cartier determined in X π and β Weil. Then we set α · β := (α π · β π ) Xπ ; by the projection formula, this is independent on the choice of blowup π as long as α is determined in
In particular we can intersect any two Cartier classes. The idea is now to define L 2 (X) as the completion of the vector space of Cartier classes with respect to the intersection product, but since the latter is indefinite, some care has to be taken: ultimately the Hodge Index Theorem will come to our rescue.
Proof. By induction we may assume π ′ = π • µ, where µ is a point blowup.
Then α π ′ = α π + c{E}, where E is the exceptional divisor and c ∈ R. Further, {E} · {E} = −1 and
In order to understand L 2 (X) we decompose it as
Lemma 1.5. If α, β ∈ V , then the limit (in the sense of nets)
exists and defines a positive definite inner product on V .
Proof. By the Hodge Index Theorem, the intersection product is negative definite on
By negative definiteness, |α ·β| 2 ≤ |α ·α| · |β ·β| < ε 2 . Hence the limit in (1.1) exists. The positive definiteness follows from the Hodge Index Theorem.
We extend the inner product in (1.1) to all of L 2 (X) by setting
Then L 2 (X) becomes a Hilbert space. The norm induced by (1.2) depends on the choice of ω, but any two choices give rise to equivalent norms. Clearly the set of Cartier classes is dense in L 2 (X). We also extend the intersection product on Cartier classes to L 2 (X) by
The Hodge Index Theorem continues to hold:
, and equality holds iff α and β are proportional.
We must show that α and β are proportional. The conditions on α and β imply α, α ≤ 2(α · ω) 2 and β, β ≤ 2(β · ω) 2 . From the assumption α · β = 0 we then get
Thus equality holds in the Cauchy-Schwartz inequality so α and β are proportional.
1.5. Nef classes. The construction above allows us to intersect nef classes. Indeed, if α ∈ W (X) is nef, then α π is nef for π, hence α π · α π ≥ 0, so α ∈ L 2 (X). Nef classes enjoy many nice properties. Let us note three of them.
Proof. We may assume α i and β i are nef Cartier. But then α 1 ·β 1 ≥ α 1 ·β 2 ≥ α 2 · β 2 since α 1 − α 2 and β 1 − β 2 are psef.
Proof. The set in question is the projective limit of the sets Z π consisting of nef classes α π ∈ H 1,1
R (X π ), the result follows from the Tychonoff theorem. Proposition 1.9. We have 2 (α · β)α ≥ (α · α)β for any nef Weil classes α, β. In particular, we have, for any nef Weil class α:
Proof. It is a known fact (see the remark after Theorem 4.1 in [B] ) that if γ is a Cartier class with γ · γ ≥ 0, then either γ or −γ psef. This implies that if α and β are nef Weil classes, then α − tβ is psef whenever 2tβ · α ≤ α · α. Setting t = 1 2 (α · α)/(α · β) completes the proof.
1.6. The canonical class. The canonical class K X is the Weil class whose incarnation in any blowup X π is the canonical class K Xπ . It is not Cartier and does not even belong to L 2 (X). However, K X π ′ ≥ K Xπ whenever π ′ dominates π, and K X is the smallest Weil class dominating all the K Xπ . This allows us to intersect K X with any nef Weil class α in a slightly ad-hoc way: we set α · K X := sup π α · K Xπ ∈ R ∪ {+∞}.
Meromorphic maps
Now consider Kähler surfaces X and Y and a dominant meromorphic map F : X Y . We will define and study the induced push-forward and pull-back on the spaces W (X) and W (Y) of Weil classes. In doing so we shall make repeated use of the following well-known fact. 
R (Y ) we set, using Lemma 2.1,
this does not depend on the choice of π and we have F * α · β = α · F * β.
In the same spirit we push forward and pull back Weil classes on X and Y: 
is the topological degree of F . 
Proof. By continuity it suffices to prove the formulas when applied to Cartier classes. Chasing through the definitions, we then reduce to the trivial case when F and G are holomorphic.
Proof of Theorem 2.4.
We shall make use of the following two diagrams.
In the left-hand diagram, F 1 and F 2 are holomorphic. In the right-hand diagram, F 1 and F 2 do not contract any curves, whereas F 3 is holomorphic.
To prove that the pushforward is well-defined, we use the left-hand diagram. Pick a Weil class α ∈ W (X). We have defined the incarnations of F * α in Y 1 and Y 2 as β 1 := F 1 * α X 1 and β 2 := F 2 * α X 2 , respectively. Now
This calculation shows both that F * α is independent of any choices made (set Y 2 = Y 1 ) and is a well-defined Weil class in W (X).
To prove the same properties for the pullback we use the right-hand diagram. Pick a Weil class β ∈ W (X). We have defined the incarnations of F * β in X 1 and X 2 as α 1 := π 2 * π 3 * F * 3 ̟ * 2 β Y 1 and α 2 := π 3 * F * 3 β Y 2 , respectively, and we must prove that π 2 * α 2 = α 1 . But ̟ * 2 β Y 1 − β Y 2 = i c i {V i } where c i ∈ R and V i are prime divisors on Y 2 supported in the exceptional set of ̟ 2 . Thus
If π 2 * π 3 * F * 3 {V i } = 0 for some i, then π 2 * π 3 * F * 3 V i is an effective divisor on X 1 contracted by F 1 , contrary to the assumption. Thus π 2 * α 2 = α 1 .
That F * and F * preserve psef classes is clear from the definition. We will see shortly that they preserve Cartier and L 2 -classes. Since every nef class is in L 2 , it will then follow from (ii) and (iii) that the operators F * and F * also preserve nef classes.
Let us prove preservation of Cartier classes. This is easy for the pullback. Indeed, assume β ∈ W (Y) is Cartier, determined in Y 1 and consider the lefthand diagram above. In particular, F 1 and F 2 are holomorphic. We claim that F * β is Cartier and determined in X 1 . This amounts to showing that π * 2 F * 1 β = F * 2 ̟ * 2 β, which holds since F 1 is holomorphic. For the pushforward we have to work slightly harder and use the right-hand diagram. Thus pick α ∈ W (X) Cartier, determined in X 1 . We claim that F * α is Cartier and determined in Y 1 . This amounts to showing that ̟ * 2 ̟ 2 * F 3 * π * 3 π * 2 α = F 3 * π * 3 π * 2 α, which follows from the assumption that F 1 does not contract any curves, using the same argument as above.
That F * and F * are continuous is basically a consequence of the fact that they preserve Cartier classes. For example, consider a sequence (or net) α j in W (X) converging to α ∈ W (X). Fix any blowup Y 1 of X. We need to show that the incarnations of F * α j in Y 1 converge to that of F * α. But these incarnations are the pushforwards by F 1 : X 1 → Y 1 of the incarnations in X 1 of α j and α and the former incarnations converge to the latter, so the result follows by the continuity of F 1 * . This concludes the proof of (i).
To prove (iii) and (iv) we may by continuity assume that α and β are Cartier. For (iii) we may further assume that α and β are determined in blowups X 1 and Y 1 such that F 1 : X 1 → Y 1 is holomorphic, and then the formula is well known. As for (iv), we assume that β is determined in some model Y 1 and pick X 1 such that F 1 : X 1 → Y 1 is holomorphic. Then F * β is determined in X 1 and the result reduces to a well known property of F 1 .
Finally let us prove L 2 -boundedness as in (ii). The positive definite inner products on the Hilbert spaces L 2 (X) and L 2 (Y) are defined with respect to fixed normalized Kähler classes ø X , ø Y on X and Y , respectively. We first consider the pullback. From F * F * β = e(F )β, we infer that (F * β) 2 = e(F )β 2 for any Cartier class β. A direct computation using (1.3) then shows
If β ∈ L 2 (Y), applying (2.2) to the incarnations β π shows that F * β ∈ L 2 (X) and that (2.2) holds. Thus F * is bounded. Next we turn to F * . Denote by , X and , Y the (positive definite) scalar products on L 2 (X) and L 2 (Y), respectively. In order to show that F * is bounded from L 2 (X) into L 2 (Y) it suffices to show that
for all Cartier classes α ∈ W (X) and β ∈ W (Y) and some C > 0. But (iii) applied to Cartier classes implies that
The boundedness of F * and the continuity of the intersection product yield (2.3). The proof is complete.
Dynamics
Now consider a dominant meromorphic self-map F : X X of a Kähler surface X. Write l 2 for the topological degree of F . Fix a Kähler class ø on X, normalized by ø · ø = 1. Set deg ø (F ) := F * ø · ø = F * ø · ø.
Proposition 3.1. The limit
exists and does not depend on the choice of ø. Moreover, l 1 is invariant under bimeromorphic conjugacy and l 2 1 ≥ l 2 .
The result above is essentially well known but we include the proof for completeness. We call l 1 the asymptotic degree of F . It is also know as the first dynamical degree and one could characterize it [DF] as l 1 = lim n→∞ ρ 1/n n , where ρ n is the spectral radius of F n * on H 1,1
Proof of Proposition 3.1. By (1.4) we have G * ø ≤ 2(G * ø · ø)ø for any dominant mapping G : X X. Applying this with G = F m yields
This easily implies that the limit in (3.1) exists. Next consider a bimeromorphic map Φ : X X ′ and set
Let ø ′ be any Kähler class on X ′ , normalized by ø ′ · ø ′ = 1. Set C := 2(Φ * ø · ø ′ ). Then it follows from (1.4) that ø ′ ≤ CΦ * ø. This gives
Taking nth roots and letting n → ∞ we see that l 1 is independent of ø (set X ′ = X and Φ = id) and invariant under bimeromorphic conjugacy. Finally, (1.4) gives F n * ø ≤ 2(F n * ø · ø)ø, which implies
Taking nth roots and letting n → ∞ gives l 2 ≤ l 2 1 .
3.1. Existence of eigenclasses. To begin with we do not assume l 2 1 > l 2 .
Theorem 3.2. Let F : X X be any meromorphic map of a smooth Kähler surface X and let l 1 be the asymptotic degree of F . Then we can find non-zero nef Weil classes θ ⋆ and θ ⋆ with F * θ ⋆ = l 1 θ ⋆ and
The proof is based on the construction of a resolution tower for F . We fix a sequence of blowups ̟ k : X k+1 → X k with X 0 = X such that the map F up k : X k X k+1 induced by F does not contract any curves, and
where Z k is a divisor (a priori not effective) on X k+1 supported on the exceptional set of ̟ k . As F * is continuous, the proof is hence complete if we prove that {Z k } → 0 in W (X) when k → ∞.
Fix any blowup π : X ′ → X. It suffices to show that the incarnation of {Z k } in X ′ is zero for k ≫ 1. In any case, this incarnation is the class of a (unique) divisor Z ′ k supported on the exceptional set of π. For each irreducible curve C in any blowup of X, let R C be the (valuation) subring of C(X) consisting of functions that are regular at the generic point of C. The key observation is that for any two irreducible components C k and C l of Z k and Z l , respectively, R C k = R C l as soon as k = l. As a consequence, if E ⊂ X ′ is any irreducible component in the exceptional set of π, then R E = R C k for k ≫ 1. This implies that Z ′ k = 0 for k ≫ 1, which completes the proof.
The same argument works for F * .
Proof of Theorem 3.2. We only prove the existence of θ ⋆ : the construction of θ ⋆ is analogous. For k ≥ 0 we let ρ k be the spectral radius of (F k ) * acting on H 1,1 R (X k ). The set of nef classes in H 1,1 R (X k ) is a strict, convex, closed cone invariant by F k * . One can thus [DF] 
Let us first show that ρ k+1 ≤ ρ k . To this end, consider θ k+1 as above. Then
, which implies that ρ k ≥ ρ k+1 . Set ρ ∞ := lim ρ k . By Proposition 1.8, one can extract a subsequence θ k → θ ⋆ in W (X). The limit class is also nef and θ ⋆ · ø = 1. Lemma 3.3 shows that F * θ ⋆ = ρ ∞ θ ⋆ . To complete the proof we must show that ρ ∞ = l 1 .
By Proposition 1.9 we have θ ⋆ ≤ 2ø. Hence
Taking nth roots and letting n → ∞ yields l 1 ≥ ρ ∞ .
For the converse inequality we cannot directly use Proposition 1.9 as it is possible that θ ⋆ · θ ⋆ = 0. Instead we first claim that (F k * ) n ø ≥ F n * ø for all k and n. Granted this claim we see that
After taking nth roots and letting n → ∞, the left hand side converges to l 1 while the right hand side converges to ρ k . Thus l 1 ≤ ρ k for all k so l 1 ≤ ρ ∞ .
To prove the claim we use induction on n. The case n = 0 is obvious, and the inductive step is a consequence of Lemma 1.1:
where the equality holds since F up : X k X k+1 does not contract any curve. This completes the proof.
Remark 3.4. If −K X is psef (i.e. if X is rational or ruled) then we may also achieve θ ⋆ · K X ≤ 0. Indeed, we may construct the classes θ k in the proof with
The same argument does not work for the pull-back.
3.2. Spectral properties. Theorem 3.2 asserts the existence of eigenclasses for F * and F * with eigenvalue l 1 . We now further analyze the spectral properties under the assumption that l 2 1 > l 2 . Recall the definition of the Hilbert space (L 2 (X), · ).
Theorem 3.5. Assume l 2 1 > l 2 . Then there exist unique non-zero nef Weil classes θ ⋆ , θ ⋆ ∈ W (X), normalized by θ ⋆ ·ø = θ ⋆ ·ø = 1, such that F * θ ⋆ = l 1 θ ⋆ and F * θ ⋆ = l 1 θ ⋆ . We have θ ⋆ · θ ⋆ > 0, θ ⋆ · θ ⋆ = 0 and θ ⋆ · θ ⋆ ≥ 0. Define H ⊂ L 2 (X) by
Then H is a closed subspace of L 2 (X) and L 2 (X) = Rθ ⋆ ⊕ Rθ ⋆ ⊕ H. The actions of F * and F * with respect to this decomposition are as follows: (i) The subspace H is F * -invariant and
) n ) θ ⋆ + h n with h n ∈ H, h n l n/2 2 ; F n * h ≃ l n/2 2 h for all h ∈ H.
(ii) The subspace H is not F * -invariant in general, but
) n θ ⋆ ; F n * h l n/2 2 h for all h ∈ H.
Here c 0 = (θ ⋆ · θ ⋆ )/(θ ⋆ · θ ⋆ ).
Lemma 3.7, this gives F n * h ≃ l n/2 2 h for all h ∈ H and all n ≥ 1. Using the invariance properties of θ ⋆ and θ ⋆ , we get
where h 1 ∈ H and c 0 = (θ ⋆ · θ ⋆ )/(θ ⋆ · θ ⋆ ). Inductively, (3.4) gives
where h n+1 = F * h n + (l 2 /l 1 ) n h 1 . Using that l −1/2 2 F * is an isometry on H, the last equality gives h n ≤ Cl n/2 2 . This concludes the proof of (i). Let us now turn to the push-forward operator. As θ ⋆ may not be an eigenvector for F * , H need not be invariant by F * . We therefore consider the adjoint F # of the restriction of F * to H. The adjoint is taken with respect to the inner product on H, which is negative definite by Lemma 3.7. Using (3.4) we see that
for h ∈ H. Inductively we get
We have seen that F n * ≃ l n/2 2 so F n # ≃ l n/2 2 , too. Thus (3.5) implies that F n * h l n/2 2 h , which concludes the proof.
Remark 3.8. It follows from the proof of the Main Theorem that there exist nef classes α ⋆ , α ⋆ ∈ H 1,1 R (X) such that for any Kähler classes ø, ø ′ , we have
Indeed, the nef Weil classes θ ⋆ , θ ⋆ ∈ W (X) only depend on ω up to a normalization, so we can take α ⋆ and α ⋆ as the incarnations on X of θ ⋆ and θ ⋆ , respectively.
